Abstract-In brain mapping research, parameterized 3-D surface models are of great interest for statistical comparisons of anatomy, surface-based registration, and signal processing. Here, we introduce the theories of continuous and discrete surface Ricci flow, which can create Riemannian metrics on surfaces with arbitrary topologies with user-defined Gaussian curvatures. The resulting conformal parameterizations have no singularities and they are intrinsic and stable. First, we convert a cortical surface model into a multiple boundary surface by cutting along selected anatomical landmark curves. Secondly, we conformally parameterize each cortical surface to a parameter domain with a user-designed Gaussian curvature arrangement. In the parameter domain, a shape index based on conformal invariants is computed, and inter-subject cortical surface matching is performed by solving a constrained harmonic map. We illustrate various target curvature arrangements and demonstrate the stability of the method using longitudinal data. To map statistical differences in cortical morphometry, we studied brain asymmetry in 14 healthy control subjects. We used a manifold version of Hotelling's 2 test, applied to the Jacobian matrices of the surface parameterizations. A permutation test, along with the cumulative distribution of -values, were used to estimate the overall statistical significance of differences. The results show our algorithm's power to detect subtle group differences in cortical surfaces.
I. INTRODUCTION
S URFACE-BASED modeling is useful in brain imaging to help analyze anatomical shape, to detect abnormalities in cortical surface folding, and to statistically combine or compare 3-D anatomical models across subjects. Even so, a direct mapping between two 3-D surfaces from different subjects is challenging to compute. Often, higher order correspondences must be enforced between specific anatomical points, curved landmarks, or subregions lying within the two surfaces. This is often achieved by first mapping each of the 3-D surfaces to canonical parameter spaces such as a sphere [1] , [2] or a planar domain [3] . A flow, computed in the parameter space of the two surfaces [4] , [5] , then induces a correspondence field in 3-D. This flow can be constrained using anatomic landmark points or curves, by constraining the mapping of surface regions represented implicitly using level sets [3] , or by using currents to represent anatomical variation [6] . Feature correspondence between two surfaces can be optimized by using the -norm to measure differences in curvature profiles or convexity [1] or by using mutual information to align scalar fields of various differential geometric parameters defined on the surface [7] . Artificial neural networks may also be used to rule out or favor certain types of feature matches [8] . Finally, correspondences may be determined by using a minimum description length (MDL) principle, based on the compactness of the covariance of the resulting shape model [9] , [10] . Anatomically homologous points can then be forced to match across a dataset.
A key direction in surface modeling research has been the computation of conformal grids on surfaces, to assist with geometric processing. The Ricci flow method is a new and efficient way to build these conformal grids. The resulting orthogonal grids help in discretizing partial differential equations (PDEs) defined on the surfaces [11] . As the conformal structure is intrinsic to the surface (i.e., does not depend on its embedding) and is highly stable, it may be also used as a canonical space for surface matching and shape analysis.
The Ricci flow is an intrinsic geometric flow that deforms the metric of a Riemannian manifold, such as a 3-D surface. The Ricci flow was introduced by Richard Hamilton for general Riemannian manifolds in his seminal work [12] in 1982, and it has gained increasing attention and interest in the engineering field [13] - [17] . It plays an important role in the proof of the Poincaré conjecture for 3-D manifolds [18] - [20] . Compared to other conformal parameterization methods used in brain imaging [11] , [21] - [24] , the Ricci flow method can handle surfaces with complicated topologies (boundaries and landmarks) without producing singularities. It also provides a universal and flexible 0278-0062/$26.00 © 2011 IEEE way to compute conformal Riemannian metrics with prescribed Gaussian curvatures. In the discrete case, it is equivalent to optimizing a convex energy. The global optimum exists and is unique, so the computation is stable and efficient.
Surface Ricci flow can conformally map a surface to any admissible target curvature arrangement. The continuous Ricci flow conformally deforms a Riemannian metric on a smooth surface such that the Gaussian curvature evolves like a heat diffusion process. In the discrete case, with the circle packing metric, the Ricci flow can be formulated in a variational setting and solved by Newton's method [25] . Here, we use the Ricci flow method to compute conformal parameterizations of various brain anatomical structures to different curvature spaces. We show various applications for these parameterizations. By assessing changes in a longitudinal cortical surface analysis guided by all available landmark curves, we demonstrate the feasibility and stability of the surface Ricci flow method. Finally, after we compute a conformal map between cortical surfaces and a multi-hole surface, we compute a direct cortical surface correspondence by computing a constrained harmonic map on the parameter domain. In an illustrative application, we compute multivariate statistics of the Jacobian matrices to study cortical surface asymmetry in a group of healthy control subjects. In our experimental results, we identified several significantly different areas on the cortical surfaces between left and right hemispheres.
Our gradient descent based surface Ricci flow work was introduced in 2006 [26] . In later work, we improved its efficiency using Newton's method [25] . To the best of our knowledge, it is the first work to apply the surface Ricci flow method in neuroimaging research. Recently, we also applied the surface Ricci flow method for brain surface matching [27] and for statistical analysis of anatomical shapes [28] . In this paper, we introduce the theory of the continuous and discrete Ricci flow, as applied to anatomical surfaces. We highlight further applications with these conformal parameterizations. We hope this overview may help brain mapping researchers to understand the theoretical concepts involved and inspire them to adopt surface-based modeling in their own research.
A. Prior Work
Brain surface parameterization has been studied intensively. Schwartz et al. [29] , [30] , and Timsari and Leahy [31] computed quasi-isometric flat maps of the cerebral cortex. Drury et al. [32] presented a multiresolution method for flattening the cerebral cortex. Hurdal and Stephenson [21] , [33] reported a discrete mapping approach that uses circle packing to produce "flattened" images of cortical surfaces on the sphere, the Euclidean plane, and the hyperbolic plane. The maps obtained are quasi-conformal approximations of classical conformal maps. Angenent et al. [22] implemented a finite element approximation for parameterizing brain surfaces via conformal mappings. They selected a point on the cortex to map to the north pole of the Riemann sphere and conformally map the rest of the cortical surface to the complex plane by stereographic projection of the Riemann sphere to the complex plane. Gu et al. [23] proposed a method to find a unique conformal mapping between any two genus-0 manifolds by minimizing the harmonic energy of the map. They demonstrated this method by conformally mapping a cortical surface to a sphere. Ju et al. [34] presented a least squares conformal mapping method for cortical surface flattening. Joshi et al. [35] proposed a scheme to parameterize the surface of the cerebral cortex by minimizing an energy functional in the th norm. Wang et al. [11] have used holomorphic 1-forms to parameterize anatomical surfaces with complex (possibly branching) topology. Ju et al. [36] reported the results of a quantitative comparison of FreeSurfer [37] , CirclePack, and least squares conformal mapping (LSCM) with respect to geometric distortion and computational speed. They found that FreeSurfer performs best with respect to a global measurement of metric distortion, but LSCM performs best with respect to angular distortion and best in all but one case with a local measurement of metric distortion. Wang et al. [26] , [27] introduced a brain surface conformal mapping algorithm based on algebraic functions. By solving the Yamabe equation with the Ricci flow method, it can conformally map a brain surface to a multi-hole disk. Wang et al. [24] presented a slit map method that computes a conformal mapping from a multiply connected mesh to annulus with concentric circular arcs.
Most brain conformal parameterization methods [21] - [23] , [33] - [36] can handle the complete brain cortex surface, but cannot deal with cortical surfaces that have boundaries. The holomorphic flow segmentation method [11] can match cortical surfaces with boundaries or landmarks, but the resulting maps have singularities, which lead to errors in practical applications. Only the Ricci flow [26] , [27] and slit map methods [24] can handle surfaces with complicated topologies (boundaries and landmarks) without singularities. The Ricci flow method is a nonlinear optimization process, while the slit map method is linear. Even so, the Ricci flow method offers a universal and flexible way to compute conformal Riemannian metrics with prescribed Gaussian curvatures.
II. THEORETICAL BACKGROUND FOR CONTINUOUS SURFACES
In this section, we introduce the theory of Ricci flow in the continuous setting, which we generalize to the discrete setting in Section III.
1) Riemannian Metric and Gaussian Curvature: All concepts and the detailed explanations can be found in [38] . Suppose is a smooth surface embedded in with local parameter . Let be a point on and be the tangent vector defined at that point, where , are the partial derivatives of with respect to and . The Riemannian metric or the first fundamental form is where , , and . The Gauss map from the surface to the unit sphere maps each point on the surface to its normal on the sphere. The Gaussian curvature is defined as the Jacobian of the Gauss map. Intuitively, it is the ratio between the infinitesimal area of the Gauss image on the Gaussian sphere and the infinitesimal area on the surface. 
Let
be the boundary of the surface , the geodesic curvature, the area element, the line element, and the Euler characteristic number of . The total curvature is determined by the topology with the Gauss-Bonnet theorem (1) 2) Conformal Deformation: Let be a surface embedded in . has a Riemannian metric induced from the Euclidean metric of , denoted by . Suppose is a scalar function defined on . It can be verified that is also a Riemannian metric on . Furthermore, angles measured by are equal to those measured by . As shown in Fig. 1(a) , the right angles in the checkboard (defined on the parameter domain) are well preserved in the cortical surfaces. Therefore, we say is a conformal deformation of .
A conformal deformation maps infinitesimal circles to infinitesimal circles, and preserves the intersection angles among the infinitesimal circles. In Fig. 1(b) , we illustrate this property by approximating infinitesimal circles by finite circles. We impose a regular circle packing pattern on the texture and map the texture to the surface using a conformal parameterization. All the circles on the texture still look like circles on the surface, and all the tangency relations among the circles are preserved.
When the Riemannian metric is conformally deformed, curvatures are also changed accordingly. Suppose is changed to , where . Then, the Gaussian curvature will become (2) where is the Laplacian-Beltrami operator under the original metric . The geodesic curvature will become (3) where is the tangent vector orthogonal to the boundary. According to the Gauss-Bonnet theorem, the total curvature is still , where is the Euler characteristic of . 3) Uniformization Theorem: Given a surface with a Riemannian metric , there exist an infinite number of metrics conformal to . The following uniformization theorem states that, among all conformal metrics, there exists a unique representative, which induces constant curvature. Moreover, the constant will be one of . , where is the Laplace-Beltrami operator induced by the surface metric. The temperature field becomes more and more uniform with the increase of , and it will become constant eventually.
If we replace the metric in (4) with , then the Ricci flow can be simplified as (5) which states that the metric should change according to the curvature. Combining (2), (4), and (5), we can have the nonlinear evolution of [39] (6)
The detailed derivation of (6) is in Appendix A.
The following theorems postulate that the Ricci flow defined in (4) is convergent and leads to a conformal uniformization metric. For surfaces with nonpositive Euler numbers, Hamilton proved the convergence of Ricci flow in [40] : Theorem 2.2 (Hamilton 1988 ): For a closed surface of nonpositive Euler characteristic, if the total area of the surface is preserved during the flow, the Ricci flow will converge to a metric such that the Gaussian curvature is constant everywhere.
It is much more difficult to prove the convergence of Ricci flow on surfaces with positive Euler numbers. The following result was proven by Chow in [41] .
Theorem 2.3 (Chow 1991):
For a closed surface of positive Euler characteristic, if the total area of the surface is preserved during the flow, the Ricci flow will converge to a metric such that the Gaussian curvature is constant everywhere.
The corresponding metric is the uniformization metric. Moreover, at any time , the metric is conformal to the original metric . In the Uniformization Theorem, the conformal deformation has the Gaussian curvature as , 0, or . Following Theorems 2.2 and 2.3, when the total area of the surface is preserved during the flow, the Ricci flow (4) will converge to a metric that for which the Gaussian curvature is constant everywhere. The constant may not be 1 or
. If we want to have or Gaussian curvature, we have to do a scaling, i.e., it is not a total area-preserving conformal deformation any more.
The Ricci flow can be easily modified to compute a metric with a user-defined curvature as (7) With this modification, the solution metric can be computed, which induces the curvature .
III. THEORETICAL BACKGROUND ON DISCRETE SURFACES
In engineering fields, smooth surfaces are often approximated by simplicial complexes (triangle meshes). Major concepts, such as metrics, curvature, and conformal deformation in the continuous setting can be generalized to the discrete setting. We denote a triangle mesh as , a vertex set as , an edge set as , and a face set as .
represents the edge connecting vertices and , denotes the triangle formed by , , and , represents the corner angle attached to vertex in the face . While the triangle meshes support different background geometries, such as Euclidean, spherical, hyperbolic background geometry, we assume the background geometry is Euclidean geometry throughout this paper.
1) Discrete Riemannian Metric:
A Riemannian metric on a mesh is a piecewise constant metric with cone singularities. 1 The edge lengths of a mesh are sufficient to define this Riemannian metric, , as long as, for each face , the edge lengths satisfy the triangle inequality:
. The corner angle of a discrete triangle is determined by the law of consines.
2) Discrete Gaussian Curvature: The discrete Gaussian curvature on a vertex may be computed from the angle deficit (8) where represents the corner angle attached to vertex in the flat Euclidean triangle and determined by triangle edge lengths, and represents the boundary of the mesh. The discrete Gaussian curvatures are determined by the discrete metrics.
3) Discrete Gauss-Bonnet Theorem: The Gauss-Bonnet theorem (1) states that the total curvature is a topological invariant. It still holds on meshes as follows: (9) 4) Discrete Conformal Deformation: Conformal metric deformations preserve infinitesimal circles and the intersection angles among them. The discrete conformal metric deformation of metrics uses circles with finite radii to approximate the infinitesimal circles.
The concept of the circle packing metric was introduced by Thurston in [42] , as shown in Fig. 1 (c) and (d). Let be a function defined on the vertices, , which assigns a radius to the vertex . Similarly, let be a function defined on the edges, , which assigns an acute angle to each edge and is called a weight function on the edges. The pair of vertex radius function and edge weight function on a mesh , , is called a circle packing metric of . Mathematically, the circle packing metric may be used to refer to either situation where the circles are tangent, or not. However, in Ricci flow research, the circles are not generally tangent to each other, at least under most circumstances. Hurdal and Stephenson [21] , [33] used a circle packing method, in which the resulting circles are all tangent to each other. In some sense, this is a special case of our circle packing metric, when elements of are all equal to 0. As a result, it creates a new metric that is not strongly related to the original metric. In our method, the circles are not necessarily tangent to each other (in most cases, they are not). To use our circle packing metric, there is no need to change the original triangle mesh metric. As a result, our conformal mapping may have a higher quality than quasi-conformal mapping approximations of classical conformal maps. 
Two circle packing metrics and on the same mesh are conformally equivalent if . A conformal deformation of a circle packing metric only modifies the vertex radii and preserves the intersection angles on the edges. The and are described as two positive functions on each vertex and edge, respectively. They are independent components. For example, in the conformal deformation process, is fixed while continues to change to obtain the designed Gaussian curvatures. For a conformal deformation, under a given metric (edge lengths), we can compute from or vice versa [as shown in (10)]. The pair of and is the valid circle packing metric that can determine the conformal equivalence between triangle meshes 5) Admissible Curvature Space: A mesh with edge weight is called a weighted mesh, which is denoted by . In the following, we want to clarify the spaces of all possible circle packing metrics and all possible curvatures of a weighted mesh.
Let the vertex set be , and the radii be . Let be (11) We represent a circle packing metric on by a vector . Similarly, we represent the Gaussian curvatures at mesh vertices by the curvature vector . All the possible 's form the admissible metric space, all the possible 's form the admissible curvature space.
According to the discrete Gauss-Bonnet theory [ (9)], the total curvature must be , and, therefore, the curvature space is dimensional. We add one linear constraint to the metric vector , , for the normalized metric. As a result, the metric space is also dimensional. If all the intersection angles are acute, then the edge lengths induced by a circle packing satisfy the triangle inequality. There is no further constraint on . Therefore, the admissible metric space is simply . A curvature vector is admissible if there exists a metric vector , which induces . The admissible curvature space of a weighted mesh is a convex polytope, specified by the following theorem. The detailed proof can be found in [43] .
Theorem 3.1: Suppose is a weighted mesh with Euclidean background geometry, is a proper subset of vertices, is the set of faces whose three vertices are all in and the link set is formed by faces , where is an edge and is the third vertex in the face, , i.e., the link set consists of faces that has exactly one vertex in . A curvature vector is admissible if and only if, for all (12) where is the user-defined target curvature. The discrete Ricci flow takes the exact same form as the smooth Ricci flow (7), which deforms the circle packing metric according to the Gaussian curvature, as in (12) . Equations (8), (10), (11) are used to compute from .
Discrete Ricci flow may be formulated in the variational setting: in fact, it is a negative gradient flow of a special energy form. Let be a weighted mesh. For two arbitrary vertices and , the following symmetric relation holds:
Let be a differential one-form [44] . The symmetric relation guarantees that the one-form is closed (curl free) in the metric space By Stokes' theorem, the following integral is path independent: (13) where is an arbitrary initial metric. Therefore, the above integral is well defined, so called the discrete Ricci energy. An explicit formula to compute from can be found at [42] . The discrete Ricci flow is the negative gradient flow of the discrete Ricci energy. The discrete metric that induces is the minimizer of the energy.
Computing the desired metric with user-defined curvature is equivalent to minimizing the discrete Ricci energy. The discrete Ricci energy [see (13) ] has been proven to be strictly convex (namely, its Hessian is positive definite) in [43] . The global minimum uniquely exists, corresponding to the metric , which induces . The discrete Ricci flow converges to this global minimum.
Theorem 3.2 (Chow & Luo: Euclidean Ricci Energy):
The Euclidean Ricci energy on the space of the normalized metric is strictly convex.
IV. APPLICATION OF THE RICCI FLOW TO BRAIN SURFACE PARAMETERIZATION
For the purpose of brain mapping, we typically want to flatten 3-D cortical surface models onto some canonical space, to assist surface registration or statistical shape analysis. For example, we may want to flatten a cortical surface to the plane where a specific set of anatomical landmarks are mapped to specific locations, such as circles in the flattened space; furthermore, the mapping can be designed to be conformal. We can also compute shape indices, based on conformal invariants, for statistical shape analysis after we obtain its parameterization.
Because the Ricci flow method has the flexibility to design the curvature space, we can apply the surface Ricci flow method to achieve these goals. Basically, we formulate the problems as finding a conformal metric that induces the prescribed curvature, such that all interior points have zero Gaussian curvature, and the boundary points have constant geodesic curvature.
Generally, the steps to apply the surface Ricci flow method include the following. 1) Formulate the canonical space's target curvature space. 2) Compute the initial circle packing metric. 3) Optimize the Ricci energy using Newton's method and obtain the appropriate Riemannian metric. The resulting surface is conformally mapped to the canonical space. 4) Compute its isometric embedding for visualization purposes. 5) Perform surface morphometry, surface processing or signal processing in the canonical space.
In practice, all surfaces are approximated by discrete piecewise polygonal surfaces, so we developed a discrete Ricci flow method that applies to triangulated meshes. With the circle packing metric, the conformal deformation may be approximated by changing the vertex radii while preserving the intersection angles (12) .
A genus-0 surface with multiple boundaries is called a multiply connected domain. As an illustrative example, we give the details of an algorithm that uses gradient descent to compute conformal mapping from a multiply connected domain to a multi-hole punctured disk [26] . 6) Update circle radii by (11). And update edge lengths , angle deficits by (10).
7) Update the Gaussian curvatures of the internal vertices by (8).
8) Update the Gaussian curvatures of the boundary vertices. Intuitively, it is a way to distribute the boundary curvature to each vertex according to the ratio of the lengths of its attached edges to the total length of the boundary edges. Suppose , , let , then where .
9) Repeat steps 5-8 until the maximal Gaussian curvature error, , is less than .
To minimize the discrete Ricci flow (13), we propose to use Newton's method which is quadratically convergent, and much faster than previous Ricci flow methods [25] . As shown in Fig. 1(f) 
The resulting Riemannian metric under user-defined curvature is usually sufficient for brain mapping research. For the purpose of visualization, we need compute its isometric embedding in the Euclidean plane. After selecting an arbitrary initial face, we can calculate triangle edge lengths using the cosine law and extend the mapping to other faces.
The surface Ricci flow is a general and intrinsic curvature flow method. It can generate various valid Riemannian metrics with prescribed curvature and background geometry. For example, given a hemisphere cortical surface with just one boundary, for four selected points on the boundary, we assigned their target Gaussian curvatures as and assigned all other surface points target curvatures as 0. To do this, we can use the same procedure as Algorithm 1 except simply changing Steps 2-4 with appropriate boundary curvature conditions, so that the surface can be conformally mapped to a rectangular region on the Euclidean plane [ Fig. 2(d) ]. Similarly, we may compute other conformal parameterizations with any prescribed curvature arrangement in the admissible curvature space by updating Steps 2-4.
V. EXPERIMENTAL RESULTS
We tested our algorithm on anatomical surfaces extracted from 3-D MRI scans of the brain. In this work, the segmentations are regarded as given and they result from automated and manual segmentations approaches detailed in our prior work [45] , [46] .
A. Surface Ricci Flow Method With Brain Anatomical Structure Surfaces
The surface Ricci flow method is rigorous and efficient. It can process various anatomical structures such as cortical, hippocampal, and lateral ventricular surfaces. It may lead new approaches for surface registration and statistical shape analysis for these anatomical structures. Fig. 2(a) Image (a) shows a left hemisphere cortical surface with a group of 10 landmark curves that is conformally mapped to a punctured-hole disk, where each boundary cut from a landmark curve is mapped to a circle. In (b), we leave two holes on the front and back of a right hippocampal surface. It is topologically equivalent to a cylinder and it can be mapped to an annulus. Image (c) shows a right hemisphere cortical surface can be mapped to a punched-hole strip where the interior and two outer boundary vertices have zero curvature while vertices on other boundaries have constant curvature. In (d), a left hemisphere cortical surface is conformally mapped to a square, ideal for any image based surface registration methods. Note the shading effect comes from the computed normals of the original 3-D surfaces. We rendered the image from the perspective of a viewer at the side of the brain. To illustrate the mapping between the original surfaces and the parameterization results, we then transferred the shading effects from the original surfaces onto the parameter domain. The lighter shading just shows areas that were facing the viewer in the original surface, so that they can be identified. is available on the Internet [49] . It is a sulcal tracing protocol that we developed with consensus from neurologists, medical students, and neuroscientists, based on the Ono atlas definitions to 3-D tracings, and has been used in several anatomic studies.
After we cut open the cortical surfaces along these 10 landmark curves, each cortical surface becomes a genus-0 surface with 10 boundaries. With the Ricci flow method, this surface can be conformally mapped to a punched-hole disk with nine inner circles. The resulting parameterization is stable and intrinsic, and may be used as the canonical domain for surface registration.
The hippocampus is a structure in the medial temporal lobes of the brain. Parametric shape models of the hippocampus are commonly developed to track shape differences or longitudinal atrophy in disease. Many prior studies, e.g., [46] , have found that there is progressive atrophy of the hippocampus, with tissue loss as neurodegenerative diseases progress. Fig. 2(b) shows a right hippocampal surface and its conformal parameterization results with the Ricci flow method. In our method, we leave two holes at the front and back of the hippocampal surface, representing its anterior junction with the amygdala, and its posterior limit as it turns into the white matter of the fornix. It can then be logically represented as a genus-0 surface with two boundaries i.e., a topological cylinder. This can then be conformally mapped to an annulus [shown on the right in (b)]. This type of parameterization result may help in performing hippocampal surface registration and statistical shape analysis in applications to studies of disease and anatomical development [28] , [50] , [51] .
B. Conformal Mapping of Brain Surfaces to Various User-Defined Curvature Spaces
The surface Ricci flow method is powerful and flexible. Given any surface, the surface Ricci flow can conformally deform it to any user-defined curvature arrangement that is within its admissible curvature space. Fig. 2(c) and (d) shows two examples with different curvature arrangements to which a brain cortical surface can be conformally mapped.
In Fig. 2(c) , in a cortical surface that is cut open along 10 selected landmark curves (explained in Section IV-A), we set target curvatures on the outer boundaries ( and ) and interior parts to be zero, and the target curvatures of other boundary vertices to be constant. We applied Ricci flow to compute a new metric. We further cut along a line that is perpendicular to the boundaries in the parameter domain. The cortical surface was conformally mapped to a strip with 8 holes on it. Using a combination of rotation, scaling and the exponential map , we mapped the rectangle to an annulus, and therefore we conformally mapped the original surface to a disk with circular holes, such as and are mapped to two concentric circles. By this, we removed the Möbius ambiguity. At the same time, the resulting perimeters of inner circle under hyperbolic metric are conformal invariants of the original surfaces and can be used to analyze surface deformation [28] (as explained in Section VI).
In Plate (d), we cut surface open along the central sulcus. We selected four vertices and set their target curvatures as and the target curvatures for the rest of vertices as zero. The surface can be conformally mapped to a square in the 2D plane, which may provide a natural domain to apply 2D fluid image registration methods to solve surface registration problems [7] .
C. Conformal Invariants and Their Application to Brain Surface Morphometry
Let be a conformal map from the unit disk to itself. Then must be a Möbius transformation. All Möbius transformations have the format , which maps the to the origin. Möbius transformations preserve circles and all Möbius transformations form a group. The following theorem shows the uniqueness of the conformal maps. For brain mapping studies, after we cut along certain landmark curves on a genus-0 surface, we get a multiply connected domain. The Ricci flow algorithm in Section IV maps the surface to a unit disk with circular holes. As explained in Section V-B, we may remove the Möbius ambiguity [28] .
The hyperbolic metric on the unit disk is defined as , which induces the constant Gaussian curvature everywhere. Möbius transformations are isometric transformations under the hyperbolic metric. The perimeters of the inner circles of the canonical conformal representation of under the hyperbolic metric are invariant under Möbius transformations. Therefore, they are conformal invariants of the surface . In our prior work [28] , we demonstrated the computed conformal invariants may be used as shape indices to select the best template parameter surface for brain cortical surface registration.
To demonstrate our algorithm's stability, we tested our algorithm on a healthy individual's left hemisphere cortical surfaces scanned at two different times (2.82 years apart) [45] . On this pair of cortical surfaces, our prior studies [45] identified 34 landmark curves. Definitions of these anatomical lines are reported in [52] . The cortical surfaces with landmark curves overlaid are shown on the first two rows in Fig. 3 (left column from the time 1 scan; right column from the time 2 scan). After cutting along these landmark curves, the cortical surface turns into a genus-0 surface with 34 boundaries. The surface Ricci flow conformally mapped them to a unit disk with 33 inner circles (the third row in Fig. 3 ). Although these two surfaces were from the same subject, there are still noticeable differences, probably from small errors in the triangulated meshes. However, their conformal parameterization results are very similar. Although many landmark curves are very close to each other (requiring comparable deformation when conformally deforming them to the canonical space), the proposed surface Ricci flow method still successfully minimizes the Ricci energy and maps them to a unit disk. This illustrative experiment also shows that the conformal parameterization results computed by the Ricci flow may make full use of any geometric landmark curve information for surface morphometric analysis.
To further study the similarity between two conformal parameterization results, we calculate a conformal invariant, the perimeter of each inner circle under hyperbolic metric [28] . This conformal invariant may be used to determine the surface deformation between two surfaces that share similar conformal structures (details of this conformal invariant and how to compute it may be found at [28] ). After we compute the perimeter for each inner circle, we assemble them into a 33 1 vector. The -norm of the two vector difference is just 3.45% and 3.56% of the -norms of two feature vectors, respectively. For thinner structures such like cortex, as there are not many voxels inside, the reproducibility problem is always difficult. Our current result, 3.5% -norm difference, is relatively good and is in some respects more stable than some prior results by our group or others [53] - [55] .
Although tests on more data are clearly necessary, but this experiment suggests that the computed conformal invariants are very close so that the proposed method is relatively robust and it may be able to pick up more subtle morphometric differences between Alzheimer's disease and healthy aging, for example. Table I summarizes the performance of the surface Ricci flow method using Newton's method. The system was implemented using C++ and Matlab linear system package. The experiments were done on a Windows 7 desktop with 2.66 GHz CPU Intel Quad CPU, 4.0 G RAM (Since the gradient descent method took much longer, we omit their execution times here.)
D. Brain Surface Morphometry With Ricci Flow and Multivariate TBM 1) Brain Surface Registration and Quantitative Measures of
Mapping Accuracy: Brain surface deformation studies typically require the computation of dense correspondence vector fields to match one brain surface with another. Many brain surface registration methods have been proposed [6] , [37] , [52] , [56] - [65] .
One way to analyze and compare brain data is to map them into a canonical space [11] , [23] , [37] , [52] , [59] , [60] . Here, we propose to use the Ricci flow method to generate a canonical surface to match brain surfaces. Conformal structure is intrinsic to surfaces. As landmark curves have similar geometric positions on different cortical surfaces, the conformal structures of the converted multiply connected components are relatively similar. As a result, their conformal parametrizations to a multi-hole disk are relatively similar to each other, i.e., the centers and radii of the inner circles in the parameter domain are similar across the surfaces. We propose to compute a direct correspondence between any two surfaces by solving a constrained harmonic mapping problem [11] . Given two surfaces and , their punctured disk parameterizations are and , we want to compute a map, . Instead of directly computing , we can easily find a harmonic map between the parameter domains. We look for a harmonic map, , such that (15) Then the map can be obtained by . Since is a harmonic map while and are conformal maps, the resulting is a harmonic map.
For brain imaging research, it is important to achieve consistent local surface matching, e.g., landmark matching. We adapted a quantitative measure of curve variation error, which has been used in prior work [64] , [66] . By denoting a specific landmark of subjects, and , in the template coordinates as and . The Hausdorff distance was then computed for these paired curves as , where and are the number of points on and , respectively. denotes the Euclidean distance between points and . A curve variation error [64] , [66] is calculated as (16) where is the number of subjects in the study. Lower values typically indicate better alignment for the curves.
To study structural features of the brain, such as cortical gray matter thickness, deformation over time, etc., there are two somewhat different approaches, deformation-based morphometry (DBM) [67] - [70] and tensor-based morphometry (TBM) [4] , [71] , [72] . One advantage of TBM for surface morphometry is that it can use the intrinsic Riemannian surface metric to characterize local anatomical changes. Techniques based on Riemannian manifolds to compare deformation tensors or strain matrices were introduced in [73] - [75] . In [76] and [77] , the full deformation tensors were used in the context of 3-D volumetric tensor-based morphometry.
In a conformal parameterization, the original metric tensor is preserved up to a constant. The conformal parametrization provides an ideal framework to apply tensor-based morphometry on surfaces, to help understand shape variation between structural brain images. We use multivariate statistics based surface deformation tensors to study brain cortical surface morphometry [76] , [77] . Suppose is a map from surface to surface . The derivative map of is the linear map between the tangent spaces, , induced by the map , which also defines the Jacobian matrix of . In the triangle mesh surface, the derivative map is approximated by the linear map from one face to another one . First, we isometrically embed the triangle , onto the plane ; the planar coordinates of the vertices of are denoted using the same symbols . Then we explicitly compute the Jacobian matrix for the derivative map [27] (17)
Let be the Jacobian matrix and define the deformation tensors as . Instead of analyzing shape change based on the eigenvalues of the deformation tensors, we consider a new family of metrics, the "Log-Euclidean metrics" [75] , which are computed by inverse of matrix exponential. These metrics make computations on tensors easier to perform, as they are chosen such that the transformed values form a vector space, and statistical parameters can then be computed easily using the standard formulae for Euclidean spaces [27] .
We propose to apply Hotelling's test on sets of values in the Log-Euclidean space of the deformation tensors. Given two groups of -dimensional vectors , , , , Let and be the means of the two groups and is the combined covariance matrix of the two groups. We use the Mahalanobis distance to measure the group mean difference
2) Evaluation of Structural Brain Asymmetry in a Healthy
Population: We applied our brain surface registration method to study human brain structural asymmetry [78] between the two hemispheres (left versus right). Brain mapping approaches [79] - [82] can identify and visualize patterns of asymmetry in whole populations, including subtle alterations that occur in disease, with age, or during development. Our dataset consisted of 14 healthy control subjects. The cerebral cortex and landmark data are the same ones used in [45] . With the surface Ricci flow method, we conformally map each cortical surface to a punched-hole disk. We compute a constrained harmonic map to register surfaces with (15) . For landmark curve matching, we guarantee the matching of both ends of the curves and match other parts based on unit speed parameterization on both curves. The constrained harmonic map helps us to build a direct correspondence between brain cortical surfaces.
We tested our algorithm with a total of 20 landmarks. Fig. 4 (a) illustrates these 20 landmark curves and names. The detailed explanation of the specified landmark curves may be found at [49] . After we cut a cortical surface open along the selected landmark curves, the cortical surface becomes topologically equivalent to a genus-0 surface with 20 open boundaries (20 landmark curves). So the cortical surface can be conformally mapped to a multi-hole disks with 20 boundaries [as shown in Fig. 4(d) ]. [49] . Image (b) shows the brain asymmetry study results in 14 healthy control subjects [45] . The study used Ricci flow method to compute a constrained harmonic map between cerebral hemispheres. The multivariate statistics on the full metric tensors were used to measure surface area asymmetry. The blue color is nonsignificant with a p-value over 0.05. The overall statistical significance value comparison is 0.0004. Image (c) shows the cumulative distribution of p-values versus the corresponding cumulative p-value that would be expected from a null distribution for multivariate TBM. It showed our method detected asymmetry patterns in a small dataset with only 20 landmark curves. Image (d) is a parameterization example used to register cortical surfaces.
After that, we match all surfaces by the constrained harmonic map [11] .
Based on the surface matching results, we computed curve variation error with (16) . Since our registration methods force an exact matching between associated landmark curves, the curve variation errors are clearly 0 for all landmark curves. By taking advantage of the intrinsic surface conformal structure, our work reached an exact landmark curve matching and achieved lower errors than any other work [64] , [66] .
To study surface area asymmetry, the Jacobian matrices were computed as (17) . We separated the cortical surfaces into left and right groups and performed a group comparison between two groups. Specifically, for each point on the cortical surface, we ran a permutation test with 10 000 random assignments of subjects to groups to estimate the statistical significance of the areas with group differences in surface morphometry. Meantime, given the threshold of 0.05, we also applied permutation test on the overall rejection areas to evaluate the significance of overall experimental results. Fig. 4(b) illustrates our experimental results. We compared the surface morphometry changes between left and right hemispheres. In our experiments, we used the parameter domains as the canonical spaces to register cortical surfaces. Plate (d) shows the parameter domain used in the experiments. Plate (b) shows the significant map between two sides. In the figure, the threshold for significance at each surface point was chosen to be . Our method successfully detected some expected asymmetries in Broca's anterior speech area and prominent asymmetries surrounding the Sylvian fissure, which verified earlier research [78] . Compared to prior work [78] , our work used only 20 landmarks and a smaller population group. It demonstrates the flexibility of our work for brain surface registration research and also shows the potential of our Ricci flow method for brain surface morphometry.
We also computed the overall significance -values, corrected for multiple comparisons, which was 0.0004. In Plate (c), we plot the cumulative distribution function of the -values observed for the asymmetry against the corresponding -value expected under the null hypothesis of no asymmetry. For null distributions, the cumulative distribution of -values is expected to fall approximately along the dotted line; large deviations from that line are associated with significant signal (the theory of false discovery rates gives formulae for thresholds that control false positives at a known rate). This shows the feasibility of studying cortical surface morphometry using the Ricci flow and multivariate TBM (mTBM) methods.
VI. DISCUSSION AND FUTURE WORK
Generally speaking, some template surface (or parameter domain) is needed to use parametric surfaces in brain imaging. Probably, the most frequently used template is a sphere [37] , [65] , [83] , [84] . It is computationally convenient and has been used in many studies. However, there are still some drawbacks when selecting a sphere as a template. As we demonstrated in [77] , a spherical template sometimes introduces substantial distortion in the parameter domain (i.e., cells with highly distorted aspect ratios, a high conformal factor, or highly variable Jacobian maps) when it is applied to parameterize topologically complicated surfaces (such as lateral ventricles). The Ricci flow based surface templates may offer several benefits. First, the Ricci flow method can compute a conformal mapping from the original surfaces to the unit disk surface without any singularities. The obtained conformal mapping retains the original surface geometric information. The computed conformal invariants may be used as shape index for surface analysis. Second, by using the landmark curves as a boundary condition, it provides a global solution for exact landmark curve matching. In our work, this was demonstrated by the zero curve variation error. Third, the Ricci flow method is a relatively efficient way to build conformal grids, which may help in discretizing partial differential equations (PDEs) defined on the surfaces. Fourth, as a general method, the Ricci flow may be computed for other template surfaces, such as collecting all Gaussian curvature in a single point (the rest parts of surface all have zero Gaussian curvatures) or the Poincaré disk, etc., as long as they admit the admissible curvature space (the condition is defined by Theorem 3.1). The parameterizations achieved are all conformal. Whether it provides an empirically significant improvement for signal detection on surfaces still needs more exploration. It does provide a mathematically rigorous and novel solution to solve challenging brain surface matching problems.
As an intrinsic curvature flow method, the Ricci flow method has significant potential for medical imaging research. There are two main caveats in our current study based the Ricci flow and multivariate tensor-based morphometry. First, the selection of the punched-hole Euclidean disk as the canonical space does not necessarily give us the best surface metric for surface morphometry, especially when working on general subcortical surfaces with complex topology [50] . However, the Ricci flow method does give us the freedom to design a target curvature arrangement in the admissible curvature space. The current work does not explicitly consider the goal of surface registration so it has not fully tapped the full potential of the Ricci flow method (this is one of our ongoing research topics). Second, conformal invariants summarize overall differences between surfaces, but they may still not be sufficient to discriminate shapes with subtle differences. As illustrated in our prior work [28] , [85] , the conformal invariants may be reliably used as the first "screen" features and mTBM were used as more detailed morphometry statistics.
Even so, we were able to show that: 1) our method can compute new metrics of multiple brain surfaces under some userdesigned different curvature arrangements; 2) our method can compute conformal invariants for multiply connected domain, which may be useful for longitudinal image data analysis; 3) Ricci flow method based surface registration can achieve zero curve variation error and the power advantage together with multivariate version of TBM even in a relatively small data set. We hope that our work may inspire new insights and ideas to apply the conformal parameterization and the Ricci flow based algorithms in medical imaging. Our future work will include empirical application of the Ricci flow concept to other medical imaging applications, including the detection of population differences and the tracking of brain changes over time.
APPENDIX A NONLINEAR EVOLUTION OF
Proof: Take derivatives on both side of (2) and use (4) and (5), we have Proof: A triangle is shown in Fig. 5(a) , let be its area; with the law of cosines, we have . By taking derivative to on both sides of the cosine law, we get Also given , by taking derivative to on both sides of the cosine law, we get As shown in (b),
, by taking derivative to on both sides and , we get Shown in Fig. 5(c) , there is a unique circle orthogonal to three circles ; its center is and the distance from to edge is . With the above equations, we have Similarly, we can prove the other equations.
